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Abstract

Fedorov and Sabbah—Yu calculated the (irregular) Hodge numbers of hypergeometric
connections. In this paper, we study the irregular Hodge filtrations on hypergeometric
connections defined by rational parameters, and provide a new proof of the aforementioned
results. Our approach is based on a geometric interpretation of hypergeometric connections,
which enables us to show that certain hypergeometric sums are everywhere ordinary on
|Gm.F,| (ie., “Frobenius Newton polygon equals to irregular Hodge polygon”).

1 Introduction

The primary focus of this article is to investigate the Hodge theoretic properties of confluent
hypergeometric differential equations. These differential equations have irregular singularities and
are equipped with irreqular Hodge filtrations, constructed in [32]. The irregular Hodge theory,
initiated by Deligne [12], extends the classical Hodge theory and has been developed in a series
works such as [31, 24, 42, 15, 33, 32].

Let n > m be two non-negative integers, A a real number, and a = («a1,...,®,) and
B =(P1,-..,Pm) two non-decreasing sequences of real numbers in [0,1). Let S be the scheme
G \{1} (resp. Gy,) if n =m (resp. n > m) with coordinate z. The hypergeometric equation is
the linear differential equation defined by the differential operator

Hypa (e 8) 1= A] [(20: = ) = 2 ] [ (0: - 5)). (1.0.0.1)

The hypergeometric connection Hypx(«a; ) is the associated connection on the complex algebraic
variety Sc, see (2.1.1.1). We say that the pair (o, 3) is non-resonant if o; # §; for any i and
j. In this case, the hypergeometric connection Hypy («; 8) is irreducible and rigid, as seen by
combining the works of Beukers-Heckman [9] and Katz [23].

When n = m, hypergeometric connections have regular singularities at 0,1, and co. Simpson
demonstrated that rigid irreducible connections on curves with regular singularities, whose
eigenvalues of monodromy actions at singularities have norm 1, underlie complex variations of
Hodge structure [37, Cor. 8.1]. In this case, Fedorov [16] computed the Hodge numbers associated
with the Hodge filtrations of irreducible hypergeometric connections [16], and Martin gave an
alternative proof in [25].

When n > m, hypergeometric connections are called confluent, indicating the merging of
singularities, and have a regular singularity at 0 and an irregular singularity at oco. Sabbah
showed in [32, Thm.0.7] that a rigid irreducible connection on P! with real formal exponents
at each singular point admits a variation of irregular Hodge structure away from singularities.



For confluent hypergeometric connections, Sabbah and Yu computed the corresponding irregular
Hodge numbers [34]. In addition, Castaflo Dominguez—Sevenheck [11, Thm. 4.7] and Castaiio
Dominguez—Reichelt—Sevenheck [10, Thm. 5.8] explicitly calculated the irregular Hodge filtration
for m = 0 or 1, respectively.

This article focuses on cases where A, o, and 3 are rational numbers. We explicitly construct
the irregular Hodge filtration F}3. on hypergeometric connections in Theorem 3.3.1 and provide a
uniform method for reproving the results of Fedorov and Sabbah—Yu.

Theorem 1.0.1 (3.3.1). Suppose (a, ) is non-resonant. We define a map 0: {1,...,n} = R by
(k) = (n—m)o + #{i | Bi <o} +(n—k ZaﬁZﬂj (1.0.1.1)

Then, up to an R-shift', the jumps of the irreqular Hodge filtration on Hypx(«, ) occur at 6(k)
and for any p € R we have

rkgry, Hypa(o; ) = #0607 (p).

1.1 Application to Frobenius slopes of hypergeometric sums

Our method has an arithmetic application to the Frobenius slopes of hypergeometric sums,
the arithmetic incarnation of hypergeometric connections [23].

Let K be a p-adic field with residue field IF,, containing an element 7 satisfying wP~l = —p.
Such an element 7 corresponds to an additive character ¢ : F, — K* by Dwork’s theory [14].
Suppose that (a, ) is non-resonant and that «; = ﬁ,ﬂj = % are in ﬁZ. Miyatani [27]
showed that there exists a unique Frobenius structure ¢ (up to a scalar) on the analytification of
hypergeometric connection Hyp(_1ym+npjzn—m(; 3) over Sk, which underlies an overconvergent
F-isocrystal on Sy (called the hypergeometric F-isocrystal). The Frobenius trace of ¢ at a point
a € S(Fy) is given by the hypergeometric sum Hyp(a; 8)(a), defined by

m

> w(ﬁ(iﬁ_iyj)) Hw (Nm(z;) H % (Nm(y;)),

24,5 €FX, i=1 j=1 =
L1 Tn=0Y1 " "Ym

where w : F; — K denotes the Teichmiiller lift and Tr = Try_/r,, Nm = Nmy_/p, .

Frobenius eigenvalues of ¢ at a are Weil numbers and have complex absolute valuations
q"Jrfm*1 via an isomorphism K ~ C. When (a, ) is resonant, the above hypergeometric sum can
also be written as a sum of n Weil numbers. It is expected that the p-adic valuations of these
Frobenius eigenvalues (called Frobenius slopes) are related to the (irregular) Hodge filtration. Our

construction allows us to show the following result.

Theorem 1.1.1 (4.0.2). Suppose n > m and that o, §; lie in % N[0,1). For every p-power

q and a € G,,,(Fy), the multi-set of Frobenius eigenvalues of Hyp(o; 8)(a) (normalized by ord,)
coincides with the multi-set of irreqular Hodge numbers {0(1),...,0(n)} defined in (1.0.1.1).

Following [26], we encode the information of the p-adic valuations of Frobenius eigenvalues
and (irregular) Hodge numbers into the Newton polygon and the (irregular) Hodge polygon
respectively, see Definition 4.0.1.

LOur Hodge numbers 6(k)’s are normalized according to the geometric interpretation in Proposition 2.4.1, and
is different from those of Fedorov and Sabbah—Yu by a shift.



For crystalline cohomology groups of a smooth proper variety over k, Mazur and Ogus showed
that the associated (Frobenius) Newton polygon lies above the Hodge polygon defined by Hodge
numbers [26, 8]. For F-isocrystals associated with exponential sums, “Newton above Hodge”
type results were studied by Dwork’s school. Dwork, Sperber and Wan [14, 38, 39] proved that
Kloosterman sums (hypergeometric sums of type (n,0) with « = (0,...,0)) are everywhere
ordinary on |G, r,| (i.e. two polygons coincide for every closed point a € |G,,|). We use a
“Newton above Hodge” result of Adolphson—Sperber [2, 3] and identify their (combinatorial)
Hodge polygon for the above hypergeometric sums coincides with the irregular Hodge polygon
of hypergeometric connections. Finally, we deduce “Newton equals to Hodge” by a criterion for
ordinariness due to Wan [39].

Remark 1.1.2. (i) One may also consider the Frobenius Newton polygon of hypergeometric
sums defined by multiplicative characters of orders dividing p° — 1 for a positive integer s. In this
case, Adolphson—Sperber showed that the associated Frobenius Newton polygon lies above their
(combinatorial) Hodge polygon, which can be viewed as an average of irregular Hodge polygons.
However, the associated hypergeometric sums may not be ordinary in the case s > 1. There is
an example of hypergeometric sums (of type (n,m) = (2,0)), for which the Frobenius Newton
polygon lies strictly above Adolphson-Sperber’s Hodge polygon for every a € |Gy r,| [1].

(ii) The ordinariness of hypergeometric sums also fails in the non-confluent case (i.e., n = m).
For p = 31, and the hypergeometric sum defined by « = (0,0,0,0), 5 = (%, %, %, %) at a =4
or 17, its Newton polygon (with slope (3,3,2,9)) [13, Appendix A.5]? strictly lies above the
irregular Hodge polygon (with slope (2,3,4,5)).

1.2 Strategy of proof

The proof of Theorem 1.0.1 can be reduced to calculating the irregular Hodge filtration on each
fiber of Hypa(a, 8). We adopt an approach similar to those used in [18, 35, 30], where the authors
calculated the Hodge numbers of motives attached to Kloosterman and Airy moments. The
key ingredient of this argument is an (exponentially) geometric interpretation of hypergeometric
connections in Proposition 2.3.1.(2). More precisely, there exists a smooth quasi-projective
variety X with a regular function g: X x S — A!, such that the hypergeometric connections
are subquotients of the Zg-module HNpI‘+ (Oxxs,d + dg), where N = dim X and pr is the
projection pr: X x § — S. Our construction is motivated by Katz’s hypergeometric sums and
the function-sheaf dictionary. A related construction can be found in [22].

Through this geometric interpretation, each fiber Hypa(«, 8)q at a € S(C) is identified with
a subquotient of the twisted de Rham cohomology of the pair (X, g, := ¢ |pr;1(a)), i.e., the
hypercohomology of the twisted de Rham complex (2%,d + dg,). Then, we reduce to calculate
the irregular Hodge filtration on the twisted de Rham cohomology of the pair (X, g,) (up to a
shift).

The irregular Hodge filtration on the twisted de Rham cohomology of the pairs (X, g,) has
been studied by Yu [42]. In the context of our case, we can select X = G*'™~! and g, as a
Laurent polynomial with good properties, see Proposition 2.3.1. Under these assumptions, Yu
showed that the irregular Hodge filtration on Hg;{’nfl(X ,9a) can be calculated by the Newton
polyhedron filtration on the Newton polytope A(g,) (3.1.0.4). This identification enables us to
calculate via a combinatorial approach, leading to a fiber-wise version of Theorem 1.0.1 as follows:

Theorem 1.2.1 (3.3.3). Up to an R-shift, the jumps of the irreqular Hodge filtration F2,

on the fiber Hyp(a;B)a occur at (k) from (1.0.1.1) for 1 < k < n. Moreover, we have
dim grly, Hyp(a; B)a = #07(p) for any p € R.

2In loc. cit, the Frobenius slopes are normalized and are different from our convention by a shift of 2.




Moreover, our calculation allows us to answer a question of Katz [23, 6.3.8] on the comparison
between modified hypergeometric Z-modules and hypergeometric connections in the resonant
case (see Proposition 2.4.6) when the parameters are rational.

1.3 Organization of this article

The article is organized as follows. We present a geometric interpretation of hypergeometric
connections in Section 2. Section 3 is devoted to the proof of Theorem 1.2.1 and Theorem 1.0.1.
In Section 4, we study hypergeometric sums defined by multiplicative characters of orders dividing
p — 1 and prove that they are ordinary (Theorem 1.1.1).

2 Hypergeometric connections

In this section, we give an (exponentially) geometrical interpretation of the hypergeometric
connections in Propositions 2.3.1 and 2.4.1. We work with varieties over C in Sections 2 and 3.

2.1 Review of hypergeometric connections following [23]

2.1.1. Hypergeometric connections. Let n > m be two integers > 0, o = (a, ..., a,) and
B = (b1,...,B;) two sequences of non-decreasing rational numbers (and we don’t require that
they lie in [0,1) as in § 1), and A € Q. Let Zs be the sheaf of differential operator on S (§ 1).
Then, the hypergeometric connection Hypx(«; 5) on S is defined by (1.0.0.1)

Zs/Hypy(e; B). (2.1.1.1)

By [23, (3.1)], one has for v € Q that
Hypa(a; 8) @ (O,d +~v9L) ~ Hypa(a+7;8+7), (21.1.2)

where o + v (resp. 8+ 1) is the sequence consisting of «; + v (resp. §; + v). Furthermore, one
has for p € Q* that

[z - z] " Hypa(a; B) =~ Hypayu(a; B). (2.1.1.3)

Thanks to the above relations, we can often assume that A = 1 and a; = 0. For simplicity, we
denote by Hyp(c; 8) the connection Hyp1 (a; F).

When the pair (a, ) is non-resonant, i.e., a; — 3; ¢ Z for any 14, j, Katz showed in [23,
Prop. 3.2] that Hyp(«; B) is irreducible, and only depends on & modZ and 8 mod Z. In this case,
we may assume that a and 8 are two non-decreasing sequences of rational numbers in [0, 1).

2.1.2. Modified hypergeometric Z-modules. Given a morphism g between smooth varieties,
for bounded complex of holonomic algebraic Z-modules, following [18, App. A.1], we denote
by g7, g+, and g; the derived pullback functor, the pushforward functor, and the pushforward
with compact support functor respectively. The k-th cohomology of a complex K is denoted by
HF(K).

Let mult: G,, x G,, — G, be the product map. The convolution functors %, and % on G,,
are defined, for two objects M and N of D*(Zg,,) by

M %, N :=mult, (M X N) and M x N := multy M KN

respectively. These convolution functors are associative and commutative. Moreover, the duality
functor D interchanges % and ..



Definition 2.1.3. Let a and § be two sequences of rational numbers. For ? € {!,x}, the
convolution

Hyp(on; @) x2 - - k2 Hyp(an; @) x2 Hyp(D; f1) *2 - - - x2 Hyp(D; Bm)

is a holonomic %, -module [23, (6.3.6)]. We denote it by Hyp(?;«;3) and call it modified
hypergeometric P-module.

The above two modified hypergeometric Z-modules are generally not isomorphic to the
hypergeometric connections in general. When («, 8) is non-resonant, the natural map

Hyp(!; a; B) — Hyp(*; a; B) (2.1.3.1)

is an isomorphism, as seen by using an argument similar to those in [23, Thm. 8.4.2(5)] and [27,
Prop. 3.3.3]. In this case, both modified hypergeometric Zg, -modules are isomorphic to the
hypergeometric connection Hyp(«; 5) by [23, (5.3.1)].

2.2 The Newton polytope of a Laurent polynomial

We study the Newton polytope of a Laurent polynomial appearing in the geometric interpre-
tation of hypergeometric connections in Proposition 2.4.1.

Definition 2.2.1. Let N be a positive integer and g(zl, o, 2ZN) = ) regn ¢(7)27 be a Laurent
polynomial in variables z1,...,zy, with 27 = va L2 for = (11, ,TN).

(1). The support of g is the subset Supp(g) = {7 | ¢(7) # 0} of ZV.

(2). The Newton polytope A(g) is the convex hull of the set Supp(g) U {0} in RV,

(3). The Laurent polynomial g is called non-degenerate with respect to A(g) (or simply non-
degenerate) if for each face o C A(g) not passing through 0, the Laurent polynomial
9o =2 conzy ¢(T)27 has no critical point in (C*)V

Let n >m >0 and d > 1 be three integers, and f: G™ — A! the Laurent polynomial

it vy
fr(@e .ty Yms 2) HZI —Zyj nlx;, (2.2.1.1)

l 2

and pr,: G — G,, the projection onto the z-coordinate. For a € C*, we set f, = f |pr71(a).
We denote by {ui,vj}a<i<ni<j<m the coordinates in R"*™~1 and identify a monomial
[T - 11; y 7 with a lattice point (aj, b;) € ZnT™m=1 c Rrtm—1,

Lemma 2.2.2. Assume that n > m =0 and a € C*.

(1). The Laurent polynomial f, is convenient, i.e., the origin is in the interior of A(f,).

(2). The Newton polytope A(f,) is defined by

Nt i= Zuz <d and hy: ZUZ mu;,, <d, 2<ig<n. (2221)

(3). The Laurent polynomial f, is non-degenerate with respect to A(fq).



Proof. (1) Let P; for 2 < i < n, and R be the points in Z"~! corresponding to z¢ and 1/ ][ «¢
respectively. Observe that 0 is an interior point of the Newton polytope because 0 = %(Z P, +R).

(2) A face 0 C A(f,) of dimension n — 2 must pass through n — 1 points among {F;, R}. So
either R ¢ o or there exists a P;; ¢ 0. In the first case, the face lies on the hyperplane defined by
the equation h, 1 = d. In the latter case, the face lies on the hyperplane defined by the equations
hi, = d.

(3) Let o be a face which does not pass through 0. Since the support of f, has n points, it
must pass through at most n — 1 points in Supp(f,). Let I C {2,...,n} be a subset of the indices.
Then f, s is either

:Zx?, or foo= Zx —I—H prl 7| <n-—2.

icl i€l Ti
We can check that they are smooth on G™~1. So f, is non-degenerate. O
Lemma 2.2.3. Assume thatn >m # 0 and a € C*.
(1). The cone R>q - A(f,) is defined by
u; +v; 20, v; >0
fori=2,....nandj=1,...,m,
(2). The Newton polytope A(f,) is defined by

’LLZ'+’UjZO, ’UjZO, hn+1 :Zul—i—Zv]gd

and
: Zu + Zvj mui, <d, 2 <ig<n. (2.2.3.1)

(3). The Laurent polynomial f, is non-degenerate with respect to A(f,) *

Proof. Let P; and @); be the points in Z™tm=1 corresponding to monomials xf and y;?l for2<i<n
and 1 < j < m respectively, and R the lattice point corresponding to H;ﬂ:l y}i /Ty z¢. In this
case, the origin 0 is not an interior point of the Newton polytope. So A(f,) has (n +m + 1)-many
vertices. To determine a face of dimension n +m — 2, we need to choose (n +m — 1)-many points
among {PZ) Qja R}

(1) For the first part, it suffices to determine faces 0 C A(f,) with dimensions n +m — 2
containing 0.

o If 0 does not pass through R, it contain (n 4+ m — 2) distinct points in {P;, @;}. In this
case, o misses one point @, , and lies on the hyperplane v;, = 0. Otherwise, o misses one
point P; . Hence, the hyperplane is given by the equation w;, = 0. Therefore, R and P;, lie
on the two sides of the hyperplane respectively, which is absurd.

o If o passes through R, it contains (n+m — 3) distinct points in {P;, @;}. In this case, o has
to miss one P;, and one @Qj,, and lies on the hyperplane u;, + vj, = 0. Otherwise, o misses
two Py, Py, or Qj,,Qj;. So o lies on the hyperplane u;, —u;; = 0 or vj, —v;; = 0. However,
the points PZO,PZ/ or Qjo, Qj; lie be on different sides of the hyperplane u;, —u; =0 or
vj, — vjs =0, which contradicts the definition of o.

31In [5, Lem. 3.6], there is an alternative way of proving that f, is non-degenerate in this setting.



(2) For the second part, it suffices to determine faces of dimension n 4+ m — 2 that do not pass
through the origin.

o If R ¢ o, then o contains all points F; and ();. In this case, o lies on the hyperplane
Z U; + Z v = d.

o If R € o, then o contains n + m — 2 points among {F;, @, }. In this case, o misses one P;,
and lies on the hyperplane h;, = d. Otherwise, it misses one @);, and lies on the hyperplane
Yo oui+ 23"21 vj + (n — m)vj, = d. However, the points 0 and Q;, are on different sides
of the hyperplane.

R
Q1

W

i

(3) Let o be a face which does not pass through 0. Since the support of f, has n+m points, it
must pass through at most n 4+ m — 1 points in Supp(f,). Let I C {2,...,n} and J C {1,...,m}
be two subsets of the indices. Then f, , is either

ally]
fa,o=zx?—2y§l, or fa,a=Zx?—Zy§‘+ L for [I|+|J|<n+m—2.

d "’
i€l jeJ i€l jeJ I1 L
We can check that they are smooth on G ~1. So f, is non-degenerate. O

Lemma 2.2.4. Assume that n = m and a € C*.
(1). The cone R>q - A(f,) is defined by

u;+v; 20, v; >0

fori=2,....nandj=1,...,m,
(2). The Newton polytope A(f,) is defined by
ui+v; >0, v; >0, and Iy = Zui + Zvj <d. (2.2.4.1)

(3). The Laurent polynomial f, is non-degenerate with respect to A(fa) if a # 1.

Proof. We use the same notation as in Lemma 2.2.3. The proof of the first assertion is the
same as that in Lemma 2.2.3. The second assertion follows from the observation that the points
{P;,Q;, R} all lie on the hyperplane > u; + > v; —d =0.

Let o be the face passing through {P;, Q;, R}. If a face 7 of A(f,) does not contain 0, it is a
face of 0. One can check that if 7 is a proper face of o, there is no solution for the system of
equations

fa,'r = azifa,'r = 8yj fa,'r =0.

If 7 = o, the system of equations
Jo= awifa = ayjfa =0

has solutions in G~ if and only if a = 1. So f, is non-degenerate with respect to A(f,) if
a # 1. O



Remark 2.2.5. The volume of A(f,) is % In fact, the Newton polytope can be

n4m—1

decomposed into n-copies n + m — 1-simplexes, and each of them has volume m.

2.3 Geometric interpretations

We present geometric interpretations of hypergeometric connections here. Let d be a common
denominator of a; and §;, and set a; = d - ; and b; = d - 3;. To «; (resp. B;), we associate the

character x;: ug — C* (resp. p;) which sends (g to (j* (resp. (sj). Set

XXP=X1X oo X Xn X PP XX prl XX p=Xa X oo X Xn X p1 X oo X pl (2.3.0.1)

as products of these characters.
Now we introduce two diagrams as follows:

o Let Gﬁjm be the torus with coordinates x;,y; for 1 <7 <n and 1 < j < m. The group

;L;H'm acts on G by multiplication. We consider the diagram

n+m
G

/ K (2.3.0.2)

Al Gm

where o (2, y;) = Y1 @f — 370, yf, and w(zi,y;) = [T, «f /TTTL, vf-

e Let (Gr"m“‘m be the torus with coordinates z,z;,y; for 2 <i¢<nand 1 <j <m, and S be
Gm (resp. G, \{1}) if n # m (vesp. n = m). The group G = p/}"™ ! acts on coordinates
x;’s and y;’s by multiplication. We consider the diagram

Grtm ¢« U := 8§ x Grm-1

/ \ pr, (2.3.0.3)
Al

Gy — S

where pr, is the projection on the z-coordinate and f is the Laurent polynomial

n m m d
H‘:l y
i=2 j=1

d )
i=2 T

defined in (2.2.1.1).

Let £2 = (O,d + dz) be the exponential Z-module on Al. For a regular function f: X — Al
we denote by £f the connection (Ox,d +df) on X.

Proposition 2.3.1. Let o and B be as above.

(1). The complex w7 is concentrated in degree O for 7 € {{,4}, and we have isomorphisms of
2 -modules

n+m n+m

Hyp(*; a; B) ~ (w+5")(“d XXP) gnd Hyp(l; o; B) ~ (wTS”)(“d XXP),

where the exponent (ul ™™, x x p) means taking the x x p-isotypic component with respect
n+m

to the action of u;



(2). If a1 =0, we have
Hyp(+; a3 8) = (HOpr., €)CXP and Hyp(; a; §) = (HOpr 47 ) G0,

Proof. The case of Hyp(!; a; 8) can be deduced from the case of Hyp(x; «; ) by applying the
duality functor. So, we only prove the latter case.

(1) Assume that (n,m) = (1,0). Then o: Gy, , — A! is the map z; — ¢ and @: G, —
Gy,» is the d-th power map. So by the identity wyOg,, = @?;01 ((’)Gm,d+ %dz—z) and the
projection formula, we have

d—1
(w£%) = @ (@, 0c,) =P E @ (Oc,,,d+ L),
i=0

which is concentrated in degree 0. Taking the isotypic component, we have
(wy £9) BT XRP) = (g £71)Hax1) = £2 @ (w, O, )Hax1)
= (Og,,,d+dz + a1 L) = Hyp(x; a1; @)

in the case where (n,m) = (1,0). The proof of the case where (n,m) = (0,1) is similar. In
general, we use the induction on n + m. The proof follows from the following lemma.

Lemma 2.3.2. Let a, , 8 and ' be four sequences of rational numbers with common denominator
d, whose lengths are n,n’,m and m’ respectively. We denote by xi, X}, pj, p; characters of jiq
corresponding to i, o, B;, B; respectively. Let o, and w (resp. o' and ¢') be the maps for (n,m)
(resp. (n',m')) in the diagram (2.3.0.2).

Suppose that (wwE7) and (wg_é"’,) are concentrated in degree 0, and there are isomorphisms
of Z-modules

n+m

Hyp(x; 5 8) = (w €)™ X% and Hyp(x; s §') = (w £ )#a x>0,
Then ((w-w') 4 E7B7") is also concentrated in degree 0, and we have an isomorphism of P-modules
;+n/+m+ml

XXX xpxp')

Hyp(*7a7 O/; ﬁvﬂ/) ~ ((w . w/)+gUEE’o-)(N

where @ - w' = mult o (w x @), pr and pr’ are the projections from G +m+m’ 4o Grtm gpd
G T™ respectively, and o B o’ = g o pr+ o’ o pr’ is the Thom-Sebastiani sum.

Proof of Lemma 2.3.2. This proof of this lemma is essentially that of [23, Lem. 5.4.3]. Notice
that the exterior product £7 K& is £78", Then

(W+E%) Hu (@', E7) = multy ((w,E7) R (w', E7))
=mult, (@ X @)L (ETRET) = (@ @), £757.

By Kiinneth formula [20, Prop.1.5.28(i) and Prop.1.5.30], we conclude that (w - w’),E75’
is again concentrated in degree 0. We finish the proof by taking the corresponding isotypic
components. O

(2) Since oy = 0, the character x; is trivial. So we have
n m m . (1><G,1><;><p)
(w+ga)(ld«s+m,xxp) — ((531 . Hx;i/ H y;j) £w1+zi:2 a:gfzj yj)
i=s =1 F

= (prz_‘rgf)(Gv;(/XP)’

(2.3.2.1)



where we performed a change of variable z = 1 - [[;_, ¢/ H;n:l y? to get rid of the variable x;

in the last isomorphism. Because (w;£7) is concentrated in degree 0, so is (prZJrEf)(G’;XP). O

Corollary 2.3.3. Assume that («, 8) is non-resonant and oy = 0. Then, the natural map
(’HoprzTEf)(G’;Xp) — (HOpr,, &7)(@xx)

is an isomorphism of P, -modules. In particular, for a € S(C), the forget-support map

m
Hin " G fa) = HEg ™ G fa)
s an isomorphism.

Proof. Using induction on the size of o and (3, one can verify that the diagram

Hyp('; a; ) —————— Hyp(x;a; 3)

¥ i

n+m

(MO £7) ™™ xxP) 5 (HO, £7) ™™ xx0) |

I s

(Hoprzfgf)(G&Xp) . (Hopr2+g.f)(c&x;a)

is commutative, where the horizontal morphisms are the natural morphisms, the two upper
vertical morphisms are those from Proposition 2.3.1.(1), and the two lower vertical morphisms
are (2.3.2.1). So, we deduce the isomorphism

(Hoprz*é’f)(G’;X”) - (HoperrEf)(G’;Xp).

At last, we take the non-characteristic inverse image along a: Spec(C) — G,,, and the base
change theorem [20, Thm. 1.7.3 & Prop. 1.5.28] to conclude the isomorphism of twisted de Rham
cohomologies. O

Remark 2.3.4. When («, §) is non-resonant and a; = 0, we deduce from Proposition 2.3.1 the
isomorphism

2 (—1)" ™2 Hyp(a, B) ~ (HOpr, , £~ 1)(Exx0),

by performing a change of variable by sending z; and y; to —z; and —y; respectively in the
diagram (2.3.0.3). According to (2.1.1.3), the first term in the above is Hyp_1yn-m (a; ). In
particular, the results in Corollary 2.3.3 remain valid if we replace f with —f.

2.4 Explicit cyclic vectors for hypergeometric connections

We present explicit cyclic vectors for Hyp(«; ) in terms of sections of some subquotients of
some relative de Rham cohomology equipped with their Gauss—Manin connections. This point of
view will be used in the computation of Hodge filtrations in Section 3.

Recall that d is an integer such that a; = da; and b; = dj; are integers for all 7, j, and we
take notation from (2.3.0.3). When (q, 8) is non-resonant and «; = 0, there exists an isomor-
phism between the hypergeometric connection Hyp(a; 8) and the relative de Rham cohomology

Hg;{mfl(U/S, f)(G’;Xp) equipped with the Gauss—Manin connection by Proposition 2.3.1.

10



Proposition 2.4.1. Suppose that an = 0 and («, 5) is non-resonant. The relative de Rham
cohomology Hix ™ (U/S, f)(GX*P) admits a cyclic vector, defined by the cohomology class of

the differential form

m

n

w= ] yj—ba@dﬂ%dyl

i i=1 T2 Tn Y1 Ym

Remark 2.4.2. Under the above assumption, the isomorphism class of Hyp(«; 8) depends only
on the congruent classes of «, 8 modulo Z. Then, any differential form

m

n
. o d dzx, d d
w:Hx;u.Hyj”zﬂ...ﬁﬂ...ﬂ’
i=2

i=1 X2 Tn Y1 Ym

satisfying u; = a;,v; = b; modulo d, is a cyclic vector of Hit™ 1 (U/S, £)(Gxxp),

Proof. The morphism pr,: U — S is smooth (2.3.0.3). It follows that the relative de Rham
cohomologies ’HéR(U/ S, f) are equipped with the Gauss-Manin connections D := V ,5_, given by

V.o.w = 20w + 20, (f)w (2.4.2.1)

for 0 <i<n+m—1. By Lemmas 2.2.2, 2.2.3, and 2.2.4, the Laurent polynomial f, := f|pr;1(a)
is non-degenerate for each a € S(C). By [4, Thm. 1.4 and Thm.4.1], the cohomology group
Hig(U/S, fa) vanishes if i £ n+m — 1.

Now we consider the (G, Y x p)-isotypic component of the connection Ht™ ! (U/S, f), which
can be identified with (H pr, +€f )(vaxf’). It remains to prove that the cohomology class defined
by the differential form

n m

. . d dz, d dtm
w:qu‘. y‘bjﬂ...ﬁﬂ...i

g J
X xr
i=2 j=1 2 ! Ym

is a cyclic vector for ”Hgl{m’l(U/S, f)(Gx;Xp).

Lemma 2.4.3. Let ty,--- ,ty, 81, - ,Sm be integers and set
n m
~ ) dx dz, d d
i—9 j=1 T2 Tn Y1 Ym

as a class in Hig™ " (U/S, f). For eachi and j such that 2 <i <n and 1 < j < m respectively,
we have
(D—t;/d)o=2¢& and (D+s;/d)o= y}i - .

Proof. We prove the identity for (D —t2)w. And the proofs for the rest are identical. By (2.4.2.1),

2 H
we have Dw = I—IFj ZJ w. Then, by the definition of the relative twisted de Rham cohomology

P’

n

v d dz, d d - ~

o:vU/S<HI3L. y;jaf%...%yl...ym>:t2.w+x2.am2f.w
i—o €3 Tn Y1 Ym

2]Tvd
[T

This is exactly what we want to prove. O

=ty O+ 2o- (dx;“ — day? )a:d(xg—(p—tz/d))a.

11



We show that w satisfies the hypergeometric differential equation Hyp(«; 8). By Lemma 2.4.3,

we have
n n m

H(D—ai)wznﬂﬁf'w and H(Dfﬂj)wz Hy;-iwu.

i=2 i=2 j=1 j=1
Then, we deduce from (2.4.2.1) that

ﬁ(D—aﬂsz(ﬁx?w) :zﬁy?~w:zﬁ(D—ﬂj)w.
i=2 j

i=1
Using Lemma 2.4.3, we deduce that w # 0. So we get a nonzero morphism

n—1 .
Ps/Hyp(a; 8) — @(’)Gm -Diw C HIE™ N (US, f)Fxxr (2.4.3.1)
=0

defined by sending 1 to w. Since the left-hand side is irreducible, and both sides have the same
ranks, the above morphism is an isomorphism. By Proposition 2.3.1, w is a cyclic vector of

Hyp(as B) = Hig "~ (U/S, £, H

Remark 2.4.4. If we replace £/ by (G,,,d — df) = (G, d + df)Y, the direct sum @7~ OD'w
is the (G, X x p)-isotypic component of H/j™ (G /G, — f), isomorphic to the connection
Hyp—1y»-m (; B). To see this, it suffices to notice that the corresponding identities in Lemma 2.4.3
become

(D —t;/d)wy,s = —xfwm and (D + s;j/d)wy,s = —y?wt,s

in this case. The rest of the proof relies on the above calculation and Remark 2.3.4.

2.4.5. Resonant case. When («, ) is resonant, the modified hypergeometric Z-module
Hyp(*; a; §) depends only on the classes of a and § modulo Z. In [23, 6.3.8], Katz asked whether
Hyp(*; a; §) is isomorphic to the connection Hyp((ai +7;); (55 +sj)) (2.1.1.1) for suitable integers
ri,5; € Z. We provide a positive answer to this question in the following proposition.

Proposition 2.4.6. When («, 8) is resonant, there exists a positive integer h depending on
a modZ and f modZ, such that for any integers r,s > h, the modified hypergeometric 2-module
Hyp(*; «; B)|s is isomorphic to the hypergeometric connection ”Hyp((oq, Qo —T,. .., —T); B+ s).

Proof. We may assume that oy = 0. Let w1, ...,wn be a representative of a basis of the connection
HIEH(U/S, £)Ex%P. More precisely, we can write

m

n
~ a;+d-e; —bj+d-f; dzo dz,, dy1 dym
T = E 6k,€7f||xi Y; e
e€Zn—1,fezm i=2 2 n Y1 Ym

)

j=1

where only finitely many e .  are non-zero. We equip Z"™™~! with the partial order defined
by the relation that a > b if a — b € N**™~1 Let (e, fo) be a maximal element in the set
{(e,f) ] (e, f) < (e f)if €ger # 0}. Then we take h to be the the maximal value among

{I(eo)lis I(fo)l;1-

For any r,s > h, as in Proposition 2.4.1, we define a morphism of Z-modules:

n—1
Ps/Hyp(0, a0 — 7, ...,0p —T; 8+ 8) — ED Og,, - D'w C HIZ™ HU/S, /)FX*P  (2.4.6.1)
i=0

12



by sending 1 to

m

n
w=[Laet [ ot te 2. A don v
i—9 T2 Tn Y1 Ym

j=1
Since for all (e, f) with e . y # 0, we have a; +d-e; > a; —d-r; and b; +d- f; > b; —d- s; for any
i and j, we deduce that the class defined by []"_, x?"+d'e" 1= y_bj+d'fj dzp  dzydyy o dym

Jj=17j T2 Tn Y1 Ym
lies in the image of (2.4.6.1) by Lemma 2.4.3. This morphism is surjective and, therefore, an
isomorphism. O

3 Irregular Hodge filtration of hypergeometric connections

This section aims to calculate the (irregular) Hodge filtrations of hypergeometric connections
(see Theorem 3.3.3 and Theorem 3.3.1).

In this section, let n > m > 0 be two integers, a = (av1,...,0,) and 8 = (f1,..., ;) two
sequences of non-decreasing rational numbers in [0,1).

3.1 Exponential mixed Hodge structures

To explain certain duality on the irregular Hodge filtration of hypergeometric connections, we
use the language of exponential mixed Hodge structures introduced by Kontsevich-Soibelman
[24]. We recall the basic definitions of exponential mixed Hodge structures from [18, Appx.].

Let X be a smooth algebraic variety and K a number field. We denote by MHM(X, K)
the abelian category of mized Hodge modules on X with coefficients in K. In particular, when
X = Spec(C), the category MHM(X, K) is equivalent to the category of mixed K-Hodge structures.
Moreover, the bounded derived categories D®(MHM(X, K)) admit the six functor formalism. For
more details about mixed Hodge modules, see [36].

Let m: A’ — Spec(C) be the structure morphism. The category EMHS(K) of exponential
mized Hodge structures with coefficients in K is defined as the full subcategory of MHM(A!, K),
whose objects N have vanishing cohomology on Al, i.e., satisfying 7, N% = 0.

There is an exact functor IT: MHM(A!, K) — MHM(A!, K) defined by

NH s, (NI R 5,08 ) (3.1.0.1)

m

where j: G,,,,c — Al is the inclusion and s: A! x Al — Al is the summation map. The functor
II is a projector onto EMHS(K), i.e. it factors through EMHS(K) with essential image EMHS(K).
Using this functor, the dual of an object M in EMHS(K) is defined by II([t — —t]*D(M)), where
t is the coordinate of Al.

For each object II(NH) of the category EMHS(K), there exists a weight filtration WEMHS on
(NY), defined by the weight filtration on N: WEMHST(NH) .= TI(W,, NH). We will drop the
superscript for simplicity.

The de Rham fiber functor from EMHS(K) to Vectc is defined by

IM(NY) — Hig (AL TI(N) ® £Y), (3.1.0.2)

where TI(N) is the underlying Z-module of II(N*) and £ denotes the exponential Z-module
(Opr,d +dt).

The de Rham fiber functor is faithful and one can associate an irreqular Hodge filtration F3,
on the de Rham fibers of objects in EMHS(K) by [31, §6.b], compatible with the definitions in
[15, 31, 33].
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3.1.1 Objects of EMHS attached to regular functions

Let X be a smooth affine variety of dimension n and K a number field. We denote by K&
the trivial Hodge module on X with coefficients in K. For a regular function g: X — A! and an
integer r, we consider the following exponential mixed Hodge structures

H'(X,g) = I(H" " "g. K}), Hy(X,g) := II(H""g KX).

The exponential mixed Hodge structures H" (X, g), H.(X, g) are mixed of weights at least r and
mixed of weights at most r respectively by [18, A.19].

The de Rham fiber of H} (X, g) is isomorphic to Hyg 5(X, g), and the irregular Hodge filtration
on the de Rham fibers are identified with those on twisted de Rham cohomologies [42].

3.1.2 Irregular Hodge filtration and Newton monomial filtration

We briefly recall the definition of the irregular Hodge filtration on the twisted de Rham
cohomology following [42]. Let X and g be as above, j: X — X a smooth compactification of X,
and D := X\ X the boundary divisor. The pair (X, D) is called a good compactification of the
pair (X, g) if D is normal crossing and ¢ extends to a morphism g: X — PL

Let P be the pole divisor of g. The twisted de Rham complex (% (D), V = d +dg) admits a
decreasing filtration F*(V) := FO(\)Z[* indexed by non-negative real numbers \, where F°())
is the Yu complex

v
Ox([=AP]) = Q% (log D)([(1 = N)P]) — -+ = Q% (log D)([(p = A)P]) — -+~
The irreqular Hodge filtration on the de Rham cohomology H<11R(X ,g) is defined by

A
Err

‘r(X,g) = im(H (X, FA(V)) — Hig (X, ), (3.1.0.3)

which is independent of the choice of the good compactification (X, D) [42, Thm. 1.7].

When X is isomorphic to a torus G, the regular function g on X is a Laurent polynomial
of the form > p_(, c(P)z". We refine the normal fan of the Newton polytope A(g) to
make the associated toric variety Xio, smooth proper. Although (Xior, Dior = Xtor\X) is not
a good compactification for the pair (X,g) in general, we can still define F{p(V) and the
Newton polyhedron filtration F{pHLR (U, V) similarly to that in (3.1.0.3) by replacing the good
compactification (X, D) with (Xior, Dior),

When g is non-degenerate with respect to A(g), the only non-vanishing twisted de Rham
cohomology group of the pair (X, g) is the middle cohomology group Hjj (X, g) by [4, Thm 1.4],
and the irregular Hodge filtration F}}, agrees with the Newton polyhedron filtration Fgp on

Hir (X, g) [42, Thm. 4.6]. In particular, we have
Hi(Xtor? FIGP(V)) = Hi(F<Xtora FI\AIP<V)))’

which allows us to compute the irregular Hodge filtration by knowledge of A(g).

Now, we present an explicit way to calculate the Newton polyhedron filtration. For a
cohomology class w = xde—’il AEERIA i’:—” such that the lattice point Q@ = (¢1,...,¢,) lies in
R>0A(g), we define w(Q) to be the weight of @ in the sense of [4], i.e. the minimal positive real
number w such that @ € w- A(g). The associated cohomology class of w lies in F{pH%s (X, g) if

w € I'(Xior, 2%, (10g Dior)([(n — A)P)))-
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Notice that each ray p in the normal fan of A(g) corresponds to an irreducible component P, of
P. Let v, be a primitive vector of the ray p. Then, the multiplicity of w along P, is given by
< Q,v, > [19, p.61]. Taking the multiplicities of P, in P into account, we have

29 dz; dz, n—w

A A =" € FRp

@yn (x 3.1.0.4
o . 1r(X,9). (3.1.0.4)

as remarked in [42, p. 126 footnote].

3.1.3 The EMHS associated with hypergeometric connections

In this subsection, we assume a1 = 0 and let ¥ X p be the product of characters associated
with o; and 3; in (2.3.0.1).

Definition 3.1.1. Let K be the number field Q( 5",431) and a € S(C). For ? € {@, ¢}, we define
Er(a; a3 ) = H' (G, £,) (6200)
as exponential mixed Hodge structures with coefficients in K in the sense of (3.1.1).

By Proposition 2.3.1 and the base change theorem, the de Rham fiber of F(a; ; 8) is isomorphic
to the fiber of Hypa(a; 5) at a- A € S(C), for A € Q*.

Let ¢ be the largest natural number such that o, = 0. We let @ and /3 be the sequences of
rational numbers defined by

1<k<L =
a; = {0 =k _kt) and fBr =1-— 6. (3111)

1—apigp1-k t+1< n,

Proposition 3.1.2. (1). The dual of the exponential mived Hodge structure E.(a;a; 3) is iso-
morphic to E((—1)"""a; a; ).

(2). When («, B) is non-resonant, the exponential mized Hodge structures E+(a; ;) for ? €
{2, c} are all isomorphic. In particular, they are pure of weight n+m — 1.

Proof. (1) The EMHS H2T™=1(Grm=1 f,) is dual to H*t™~=1(G%F™~1, —f,), which is also
isomorphic to H"+m_1(G7n+m_1,f(_l)n_ma). We deduce the first assertion by taking their
corresponding isotypic components.

(2) Since the de Rham fiber functor is faithful, the forget support morphism

E.(a;a;8) = E(a; a; 5)

is an isomorphism by Corollary 2.3.3. Hence, the exponential mixed Hodge structures E.(a; «; 3)
and F(a;a; () are isomorphic, and are pure of weight n +m — 1. O

Remark 3.1.3. We can define confluent hypergeometric motives as exponential motives in the
sense of [17], such that the exponential mixed Hodge structures F(1;«; 5) and the hypergeometric
connections Hyp(ca, B) are their Hodge realizations and Z-module realizations respectively.
More precisely, assume n > m and let {,_,, be an (n — m)-th primitive root of unity. The
group /LZJ””*I acts on G”m‘L(Tgfylj) X Gy,,+ as before on the coordinates (x;,y;), and the group

Hn—m acts on the coordinates (z;,y;,t) by

Cnfm . (xh Y, t) = (C;mew C;Emyj7 Cnfmt)
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Then we define the confluent hypergeometric motives as

grtm-1 (Gij_l, 1 ) (ul’;*m*l Xt s X X PX 1) 7
which is a priori defined over K (¢, —,) with coefficients in K.

Here, the field of definition K (¢, —.,) is not optimal. For example, using an argument similar to
that in [29, Rem. 3.3] and the Galois descent [17, Thm. 5.2.4], one can show that these motives are
defined over K. If L is a subfield of K such that Gal(C/L) preserves both the sets {exp(2mic;)}
and {exp(27iB;)}, then these motives can further descend to L (see also [5, Thm. 1.1] for a related
discussion).

3.2 A basis in relative twisted de Rham cohomology

In this subsection, we assume a1 = 0. We define positive integers si, ..., Sm+1 by
1 r=0
sp=#{i: ;< B} 1<r<m
n+1 r=m+1

and for r and £ such that 0 <r <mand 1 </ < 5,41 — S, , We set

__as Aspto—1 s, te—d apn—d ,d—by d—b, 2d—by41 2d—by,
ghe*IZ .'.Isri‘rf—l‘stﬁré ...xn .yl ...yr .yr+1 ...ym s

— dap | dzpdyr | dym
Let n = T2 Tn Y1 Ym

HIE Y (U)S, £ £)(EX*P) | where U and S are defined in (2.3.0.3).

and wr¢ = gr¢ - be the corresponding differential forms in

Proposition 3.2.1. If («, 3) is non-resonant, the cohomology classes defined by

wr,e, OSTSm, 1S€§5r+1_5r

in HiE™ 1 (U/S, :I:f)(G’;XP) form a basis over Og.

Proof. 1t suffices to show that span(w, ) = span(D'w | 0 <i < n — 1) for a cyclic vector w.

To a Laurent monomial g = [[z}" Hy;-)j in variables {z;};", and {y;}}]L,, we associate a
lattice point P(g) = (uz, ..., Un, V1, .., V) € ZPTM=L Cc R*"™=L If y = g -7 is the product of
a monomial g with the differential form 7, we set P(w) := P(g) for the corresponding point.

Let 71 and 7 be the projections from Rt~ to Rﬁ:l and R;’; respectively. The for the
differential forms w, ¢, we have

T1(P(wre)) = (a2, .-, Qsptt—1, G5t — dy ..., Ay — d)
and
7T2(,P<wr’g)) = (d — bl, N 7d — br72d — br+1, ce ,2d — bm)

It follows from Lemmas 2.2.2, 2.2.3, and 2.2.4 that the fibers of all w, ¢ at a € S(C) lie in the
cone R>¢ - A(fy)

Let P; and Q; be the points corresponding to monomials z¢ and yf respectively for 2 <i<n
and 1 < j <m.

Lemma 3.2.2. For a point P € Z"™™~1 and two integers 2 < ig <n and 1 < jo < m, let wg,w;
and wy be the corresponding differential forms of the points P, P+ Qj, and P+ P, in Z"t™~ 1. If
the ig-th coordinate of P is different from the negative of the jo-th coordinate of P, then we have

span(wp,ws) = span(wy,ws) in Hgf{mfl(U/S, f)(G’;Xp).
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Proof. Let P be the point (t;,s;) € Z""™ ™1 and wy be the associated differential form. By the
assumption, we have ¢; # —s;. Then

span(wo, (D — t;,)wo) = span((D — t;, )wo, (D + sj,)wo)-

At last, notice that we have w1 = (D + sj,)wo and we = (D — t;,)wo by Lemma 2.4.3 and
Remark 2.4.4. O

Step 1: If s; — sg = 0, we skip this step and put wv(nle) = wyy for any r, 0. Otherwise, for r =0

and 1 < /¢ < sy — s, we replace the differential forms wg ¢ by differential forms wéylz

g - 1 for some monomials g, such that

of the forms

P(w) = Plwoe) — Q1.

More precisely, we keep the first n — 1 coordinates of P(wp, ) unchanged and replace the last m
coordinates of P(wg ) by that of P(wo Z)

(d—01,2d — ba,...,2d — by,).
In particular, by Lemma 2.4.3, one has

(D+1- 51)% ) =woe, (D— Oéz+1)w((),12 = W0,0415

and W
(D Ay — 90)w0 s1 = We,l)

where e is the least integer such that s, > sp = 1.
We also put w£1€) = wyy¢ for > 1. Then use Lemma 3.2.2 for wy = w

and wy = we,1, we have

(1)

0,51 —s07 WY1 = W0,s1—509

Span{wy. | 7, £} = Span< w081 —s0 (= (D + 1= B)wl), ) wen(= (D = as)wild, o) )
= Span({wo71,.. , W0,81—s0— 1,w0 91 ‘?o} U {OJ 1) | r>1 é})

where 0 <r <mand 1 < /¢ < s,41 — 5. Continue using Lemma 3.2.2 for wy = w(()lg, w1 = Wo,r,

and wy = w41 for £ =51 —50—1,...,51 — 1, we have

Span{w, ¢ | ,¢} = Span({wo 1, . .., w051 —so— 1,w(()1§1 90} U {w(l) |r>1,0})

=Span<{wo,1,w62 g o u{wl) [ > 1,0))

= Span(wi}z |7, £).

Step i > 2: Assume that we have already obtained elements wff;l) fori>2. If s;, = s;_1, we

skip this step and put w% = wfj{l) for any r and ¢. Otherwise, let wffz be differential forms of

the forms g - n for some monomials g, such that

P() = Pwly V) —@Qi ifr<i-1,
it P(w, (Z 1)) ifi <r<m.
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More precisely, when r < i — 1, we keep the first n — 1 coordinates of P(wif[ 1)) unchanged, and
replace the last m coordinates of P(wye_ 1)) by that of P(w%):

(d—=byy...,d—b;,2d —biy1,...,2d — by,).
Similar to step 1, we use Lemma 2.4.3 and Lemma 3.2.2 (s,41 — s,)-many times to deduce

Span(wgz |7, 0) = Span(w(fe_l) | 7,0) = Span(w,¢ | 7, £),

T

where 0 <r <m,and 1 < /¢ < 5,41 — Sy
After Step m: After m steps, we get w(?) such that

T

P(UJ;JZ)) = ((127 ey Qg4 f—1y Qg 40 — d, ey Qp — d,d — bl; .. .,d — bm)

Note that the there is a bijection between {(r,£)}o<r<m,1<t<s,.,—s, and {1,---,n} by sending
(r,0) to s, + € — 1. We set W, g1 = w(?) via this map. Then by Lemma 2.4.3, we have

T,

Wit1 = (D =14 )G, for 1 <@ < n— 1. It follows that

Span(D'@; |0<i<n—1) = Span(@;|1<i<n)
= Span(wﬁ’?) | 7, ¢)
= Span(wyg | r,¥).

By Proposition 2.4.1 and Remark 2.4.2, &; is a cyclic vector, from which we showed that {w, ¢},.¢
form a basis. This finishes the proof. O

3.3 Calculation of the irregular Hodge filtration

Recall that a non-resonant hypergeometric connection is rigid. Hence, it underlies an irregular
mixed Hodge module on P! [32, Thm.0.7], and therefore, admits a unique irregular Hodge
filtration F3,. (up to a shift). When n = m, the irregular mixed Hodge module structure coincides

with the variation of Hodge structures on Hyp(a, §).
Recall that for (e, ), we defined in (1.0.1.1) the numbers

G(k):(n—m)ak—i-#{i\5i<ak}+(n—k)—2ai+26j.

Theorem 3.3.1. Assume («, 3) is non-resonant.

(1). When a1 = 0, via the isomorphism Hyp(a, 5) ~ Hgl"{m_l(U/S,f)(G’;Xp), the irreqular
Hodge filtration on Hyp(a, B) can be identified with the following filtration of sub-bundles:

FLHEG N U/S, ) = P w,0s,

n+m—1l-—w(wr,s)>p
(2). Up to an R-shift, the jumps of the irreqular Hodge filtration on Hyp(«, 8) occur at 6(k) and

for any p € R we have
rkgry, Hyp(as B) = #07 (p).
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Remark 3.3.2. (i) By [33, Rem.6.3], the irregular Hodge filtration satisfies the Griffiths’
transversality, that is, V(FP Hyp(a, 8)) € Q5 © F7"Hyp(a, B), for all p € R.

(ii) Inspired by the Griffiths’ transversality, we expect that there exist oper structures on the
hypergeometric connections, which refine the irregular Hodge filtrations. An oper structure is

essential in the geometric Langlands correspondence [6, 43, 21].

To prove the above theorem, we study the Hodge numbers of the irregular Hodge filtration on
fibers as explained in Section 1.2.

Theorem 3.3.3. Up to an R-shift, the jumps of the irregular Hodge filtration F3, on the fiber
Hyp(e; B)a occur at (k) for 1 < k <mn. Moreover, we have dim gr%irr'r'-lyp(a; B)a = #0~1(p) for
any p € R.

3.3.1 Proof of Theorem 3.3.3

Proof. We may assume «; = 0 by (2.1.1.2). By Proposition 2.3.1 and Definition 3.1.1, we have

FaHyp(asB)a = FRHEEm LHGLm1, f,)@0x0) (3.3.3.1)
~ F};ngﬁLmil(GZj_m_l,_f(_l)n*ma)(c%xx‘)),

where X and p are products of characters corresponding to «; and §; from (2.3.0.1). So
it suffices to compute the irregular Hodge filtration on the twisted de Rham cohomologies

HEm = (GrFm™, £ f,)(Gx%P) . Since f, is non-degenerate with respect to A(f,), we can compute
the filtration in terms of Newton polyhedron filtration.

Let wy ¢ be the basis of Hyp(c; 8), from Proposition 3.2.1. Recall that w(w. ¢) is the minimal
positive real number w such that P(g,¢) € w- A(fq). It follows from (3.1.0.4) that

Wiy € Fn+m—1—w(wr,z)Hgl—{m—1(G;ij—l’ifa)(G,;xp).

We consider an auxiliary filtration G* on Hit" H(GFm 1, :I:fa)(G’;Xp) defined by
GP :=span{w,¢ | n+m —1—w(w,¢) > p}. (3.3.3.2)

By the following lemmas 3.3.4, 3.3.5, and 3.3.6, the filtration F'® coincides with G*®, which finishes
the proof of the theorem. O

Lemma 3.3.4. We set O(n+1) =60(1). For 0<r <m, 1 <{< 5,41 — S, we have
n+m—1—wwe) =0(s, +¥£).
Lemma 3.3.5. For 0 <p<n+m—1, we have
dim el ™ (G 4 £,) O40) = dim ey ™ PR G ) OF 0,

Lemma 3.3.6. The two filtrations F%, and G® coincide.

Proof of Lemma 5.5.4. By Lemmas 2.2.2, 2.2.3, and 2.2.4, the weight w(w, ) equals to the
number maxy{hy(gr¢)/d}, where hy are defined in (2.2.2.1), (2.2.3.1), and (2.2.4.1). We can
check that

w(wnf) = hsr—M(gr,Z)/da
where we put by = ... = hy, = hyy1 when n = m. Now it suffices to check that n+m —1—w(wy¢)
agrees with one of the jumps of the irregular Hodge numbers of Hyp(«; 8)q.
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If s, + ¢ =n+1, the monomial g, r41-s,, corresponds to the point
(ag,...,an,d—bl,...,d—bm).

Then we have

n+m-—1—hy1(Gmnti-s,)/d=n—1— Zai —|—Zﬁj =0(1).

i=1 j=1
If s, + £ <n+ 1, we have

n+m—1- herrZ(gr,E)/d

:n—i—m—l—(zn:ai—(n—i-l—sr—é ZB] (2m —r) (n—m)(aSTH—l))
i=1

:(n—m)asr+g+r+(n—sr—€)—Zai—FZﬁj»

which is exactly 0(s, + £). O
Proof of Lemma 3.3.5. For simplicity, we write
55 (o, B) == dim grl, Hi ™1 (Gt £ f, )(Gxx) (3.3.6.1)

Recall that in (3.1.1.1), we let ¢ be the biggest natural number such that oy = 0. For 1 < k <'¢,
the numbers o and a;y1_j are 0. And for t +1 < k < n, we have a,,_r4+4+1 = 1 — ag. Then

n n m m _
Zai+zai:n7tand ZﬂjJrZB] =
i=1 i=1 j=1

Similar to the number 0(k), we let 6(k) be the numbers
(n—m)ag+#{i| B <ar}+(m—k)—=> ai+» B, 1<k<n
i=1 j=1

for the sequences & and B Then for 1 < k < t, we have

9(k)+9_(t+1k)<nk2ai+25j>+<n(t+lk)Z&i+25j)
i=1 j=1 i=1 —
=2n—-t—-1)—(n—t)+m=n+m-—1.
For t +1 < k <n, we have

O(k) +0(n—k+t+1)

m)oy +#{j | Bj < ax}+n—k— Zozﬂ—z,@’j)

( i=1 Jj=1

+( M) ktir1 + #{5 | Bj < @n_ppep1} +n—(n—k+t+1) ZaﬁZﬂ})
i=1 j=1

=n—-m)+m+n—-t—1)—(n—-t)+m=n+m-—1.
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So there exists a permutation o € S, such that (k) + 0(c(k)) = n +m — 1. It follows that

0y (. B) =#{k [ 0(k) =p} =#{k | n+m—1—p=n+m—1-06(k)}
=#{k|0(k)=n+m—1-p} =067, 1 ,(afp).

O
Proof of Lemma 3.3.6. For simplicity, we write
hE(a, B) == dimgrl, HIE™ LG £ f, ) GX00), (3.3.6.2)
By Lemma 3.3.4, for every p € Q, we have
GPHE™ N (G, £2) X0 C PR HE™ ™ (G, £) 63, (3.3.6.3)

which implies that > 535(04,6) <X <p hflt(a,ﬁ).

To prove the reverse inclusion, we consider the duality between the two filtered vector spaces
(Hgt ™~ (Gt £00) (@00, By and (HEg™ (G F.£0) G070 By,
Proposition 3.1.2 and [42, Thm. 2.2]. More precisely, we have

h;t(a’ ﬂ) = h,,f+m,17p(0_l, B) (3364)

Combining Lemma 3.3.5 and the equations (3.3.6.3) and (3.3.6.4), we see, for any p € R, that

), induced by

dim GPHE™ L (G, 4 £,) (GX00)

=>"0F ) <Y hE = > hi@h

q<p q<p g>n+m—1—p
< Y fF@p =Y 60
g>n+m—1-—p q<p

— dim GPHE ™ (G, 4+ ,) (@0,

Hence, both sides in (3.3.6.3) have the same dimension for every p. Then Lemma 3.3.6 follows. [

3.3.2 Proof of Theorem 3.3.1

Proof. We may assume «; = 0 by (2.1.1.2). By [32, Prop. 3.54] and [28, Prop. 11.22], the irregular
Hodge filtration on Hyp(«, 8) induces those on fibers Hyp(«, ), at closed points of S, i.e.,
(F2 Hyp(a, B))a = F2.(Hyp(a, B))a. We have shown in Theorem 3.3.3 that the irregular Hodge
filtration on the fibers Hyp(a, ), are given in terms of the cohomology classes w;. s in (3.3.3.2).
Hence, we deduce that the irregular Hodge filtration on Hyp(c, 8) is the one in assertion (1), and
the irregular Hodge numbers are those given in (2). O

4 Frobenius structures on hypergeometric connections and
p-adic estimates

In this section, let p be a prime number and k = [F; the finite field with ¢ = p® elements for
an integer s > 1. Let K be a finite extension of Q, with residue field £ containing an element =

satisfying m7~1 = —p. We fix such an element 7 and denote the associated additive character by
¥: F, = K* [7, (1.3)]. The ¢-th power Frobenius on k admits a lift 0 = id on Ok.
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Let n > m be two integers, o = (a; = *7)iL1,8 = (B; = )J 1 be two sequences of
non-decreasing rational numbers € [0,1) with denominator q-— 1 Let w : kX — K™ be the
Teichmiiller character and set x; = w® (resp. p; = wb). The hypergeometrlc sum associated to

Vyx = (X155 Xn)s P = (p1,-- ., pm) is defined, for a € k>, by

m m

Hypm (i p)(@) = > (Trwp <Z ;- Z yg>> 'ﬁXi(xz H (4.0.0.1)

x5,y €L, i=1 Jj=1
L1 T =AYl Ym

When (x, p) is non-resonant, the above sum equals to (up to a sign) the Frobenius trace of the
hypergeometric overconvergent F-isocrystal #2yp(x, p) at a € G,,,(k) [27] and therefore can be
written as a sum of n Frobenius eigenvalues. Its underlying connection is the hypergeometric
connection Hyp(_iym+np /zn—m [27, Thm.4.1.3]. When (x, p) is resonant, the above sum can be
also written as a sum of n Frobenius eigenvalues (see § 4.2.1 for a direct proof by induction on n).

We are interested in the p-adic valuation of Frobenius eigenvalues (normalized by ord,) of the
above sum (called Frobenius slopes), encoded in the Frobenius Newton polygon [26, §2].

Recall that the irregular Hodge numbers of the hypergeometric connection Hyp(a; 8) are
given by the function 0: {1,...,n} — Q (1.0.1.1) is defined by

O(k) = (n—m)og + #{i | Bi < w} + (n— Z o + Z B;. (4.0.0.2)

Definition 4.0.1. Let d; < --- <y be the Frobenius slopes of Hyp,, .,y (x; p)(a), normalised by
ord,(q) = 1, (resp. irregular Hodge numbers of Hyp(a, 8)) with multiplicity A; < --- < A;. The
Newton polygon (resp. irregular Hodge polygon) is defined as the line in R? joining P;:

Py=(0,0),P =Y XN, > Ndj |, i=1,... .k
j=1 j=1

Theorem 4.0.2. Suppose n > m and the orders of x;, p; divide p—1. Then for each a € G,,(k),
the Frobenius Newton polygon of Hyp(, ,.\(x; p)(a) coincides with the irregular Hodge polygon
defined by (4.0.0.2).

A “Newton above Hodge” type result for twisted exponential sums was obtained by Adolphson
and Sperber [3]. In our case, we show that the (combinatorial) Hodge polygon in loc. cit. for
hypergeometric sums coincides with the irregular Hodge polygon of hypergeometric connections.
Then, we apply a result of Wan [39] to conclude “Newton equals to Hodge”. In [41], the second
author and Zhu used a similar argument to study the Newton polygon of Kloosterman sums for
classical groups.

4.1 Frobenius Newton polygon above Hodge polygon

In this subsection, we revise Adolphson—Sperber’s definition of (combinatorial) Hodge polygon
and their result on “Newton above Hodge” for certain twisted exponential sums [3]. Finally, we
show that we can identity their Hodge polygon with the irregular Hodge polygon of hypergeometric
connections (Proposition 4.1.7).

4.1.1. Let N be a positive integer,

X:(Xl,...,XN):(k:X)N%KX
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a multiplicative character, and g : GY — A! a morphism defined by a Laurent polynomial
M
g(xl’ e ,CEN) = Z ajxuj c k[xit’ e 71,]:‘\:]]7
j=1

where {uj}j]‘/il is a finite subset of Z" and a; € kX. For m € N, we consider the twisted
exponential sum

Smbc9) = > X)) (g(x)), (4.1.1.1)

€G] (Fgm)

where x(™) = y o Nmg, .. /1 ™ = o Trg, .. /v, The associated L-function

L(x,9:T) = exp(Z Sm(X:9) Tm) (4.1.1.2)

m>1

is a rational function in T' by the Grothendieck-Lefschetz trace formula (or the Dwork trace
formula).

Recall that we denote A = A(g) by the convex closure in RY generated by the origin and
lattices defined by the exponents {u;} of ¢ in Definition 2.2.1. Let C(g) be the cone over A, i.e.,
the union of all rays in RY emanating from the origin and passing through A.

We set M(g) = C(g)NZN. Adolphson and Sperber considered a subring R(g) of k[, ..., z%]
defined by monomials with exponents in M(g) [2, (1.7)]:

R(g) = k[zM].
We take d; € [0,q — 2] such that x; = w™% *. We set

T g—1—d;, di#0
‘) d; d;=0"
and o o
d=(di,....,dy), d={dy,....,dn}, Ng=(¢g—1)"*d+2z".
We define a R(g)-module Rq4(g) [2, (1.12)] by

Ra(g) = { > bua"lu € NaNC(g),by € k}

finite

There exists a (minimal) positive integer M such that for all u € qZ—_Nl N C(g), the weight function
w(u), defined as the minimal positive real number w such that u € wA(g), is a rational number
with denominator dividing M. Then w defines an increasing filtration on R(g) by

I/M{ 3 bt ]\Z/[foralluwithbu#()}.
u€M(g)
We denote the associated graded module by
i>0

Similarly, we equip Ra(g) with a filtration compatible with that of R(g), and let Ra(g) be the
associated graded R(g)-module.

4Adolphson-Sperber’s convention x; = w™% is different from our convention in the beginning of § 4 by a minus
sign.

23



4.1.2. In the following, we assume that g is non-degenerate and that dim A(g) = N.
For 1 <i < N, let g; be the image of xi%g in R(g)1, and set

Ia=9,R(9)a+ - +9gnR(9)a

a graded submodule of R(g)q. For each i > 0, we define a finite set %Z/N[( g%’(g)l/M) C NdﬂC( )

of exponents as follows. We take a k-linearly independent set of monomials {x#|u € 93 } of
weight i/M which spans a k-subspace V4 ,i/m complement to R(g )d,i/m N Iq, ie.,

R(9)a,i/m =Va z/M® (9)di/m N Tain)-

We set B(g)a = Uizoﬂ(g)g/M and V (g) the volume of A(g). The quotient R(g)a/I4 admits a
basis of monomials in Sq and has dimension [3, Lem. 2.8]

dim R(g)a/Ia = N'V(g).

In this case, the L-function L(X,g;T)(’l)N_1 (4.1.1.2) is a polynomial of degree N!V(g) [3,
Cor.2.12]. The g-order of roots of this polynomial are called Frobenius slopes of the twisted
exponential sums Sy, (x, g).

Adolphson and Sperber studied the Frobenius Newton polygon defined by Frobenius slopes of
this L-function (Definition 4.0.1) and compared it with a Hodge polygon defined as below.

For an integer 0 < d < q — 2, let d’ be the nonnegative residue of pd modulo ¢ — 1. Recall
that ¢ = p* for an integer s > 1. For d = (dy,...,dy), we set d’ = (d}, ..., d)y) and d¥ the i-th
composition of (—)" on d for i > 1. Note that d*) = d.

We arrange elements of Sq = {ua(1),...,ua(N'V(g))} by w(ua(1)) < --- < w(ua(N!'V(g))).
And we repeat this ordering for Sq/, ..., Sqe-1). For an integer £ > 0, we set [3, Thm. 3.17]

s—1 /
Zw ’U/d(1) }
1=0 M

W (¢) = card {]

When ¢ > sNM, we have W (¢) =

Definition 4.1.3 (Adolphson—Sperber). The Hodge polygon HP(A(g)a) is defined by the convex
polygon in R? with vertices (0,0) and

m 1 m
(Z W0, 7 Zeww)), m=0,1,...,sNM.
=0 =0
Theorem 4.1.4 ([3, Cor.3.18]). If g is non-degenerate and dim(A(g)) = N, the Frobenius

Newton polygon of L(x, g; T)(_l)Nf1 lies above the Hodge polygon HP(A(g)a), and their endpoints
coincide.

Definition 4.1.5. We say that (g, x) is ordinary if these two polygons coincide. When the
character x is trivial, we simply say g is ordinary.

4.1.6. In the following, we apply the above theory to the case of hypergeometric sums at the
beginning of § 4. We may assume that x; is trivial (i.e. a3 = 0). Let a be an element of k*.
We take N=n+m—1,d = (az,...,an,b1,...,bn), and g to be the non-degenerate function
(2.2.1.1)

fo=alt I g b =y = =
2...%p

Then, we recover the hypergeometric sum (4.0.0.1) from (4.1.1.1).
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Proposition 4.1.7. If (x, p) is non-resonant and the orders of the characters x; and p; divide
p — 1, then the Hodge polygon HP(A(fa)d) comczdes with the irreqular Hodge polygon defined by
(4.0.0.2) associated to (0, = p“%l, sy =) (B = B = T)

Proof. Since «y, 8; have denominators dividing p — 1, the numbers d are equal to d for every
i > 1. In particular, the multi-set of slopes of HP(A(f4)a) coincides with w(Sq) = {w(u)|u € Sq}.

The cohomology classes wy ¢ = gr¢-7 in Proposition 3.2.1 form a basis of the de Rham cohomol-
ogy group HiE™=1(U,, f, )(G’XX") By the calculation of cohomology groups [3, §3, Thm. 3.14],
the functlons {g,«,g} also form a basis of V , with d = (ag,...,an,b1,...,b,). Hence

w(S7) = {w(gre)|0 <r <m, 1 <L <841 — 5}

By (3.1.0.4), Lemma 3.3.4 and the duality (3.3.6.4), the set of weights w(Sq) coincides with the
set of irregular Hodge numbers (4.0.0.2). Then, the proposition follows. O

4.2 Frobenius slopes of hypergeometric sums: proof of Theorem 4.0.2

We prove Theorem 4.0.2 by induction on n. Suppose the theorem holds when the rank of the
hypergeometric F-isocrystal is less than n.

4.2.1. Resonant case. We first show that we can deduce the assertion in the resonant case
from the induction hypothesis. We assume there exists 4, j such that a; = ;.

We slightly modify our convention on «, by replacing those a;,3; = 0 by 1 and then
arranging them as 0 < oy < as < - < a, <land 0 < f; < -+ < B, < 1. Note that this
modification does not change the multi-set {6(1),...,0(n)} of irregular Hodge numbers. After
twisting by a multiplicative character, we may assume that x,, = p,, = 1 are the trivial characters
(i.e., ap = B = 1). Then we have the following identities:

HyD (1,m) (X; p) (@) (4.2.1.1)
n—1 m—1
-2 w<zml+“ Zyﬂ) D) T o i)
i,y €EX i=1 j=1
n—1 m—1
= Z (Z € — Z Ui + Ym (ayl .ym 1 1)) ) H Yilzi) o7 ()
2y €KX ymek  Ni=1 Tn-1 i=1 j=1
n—1 n—1 m—1
> o(Sa-Su) [t [T o7
x5,y €kX i=1 Jj=1 i=1 j=1

n—1 m—1
= qHypo 1 m 1y (X50)(@) = ()" ] Gwoxa) ] G5!
1=1

where X' = (x1,-- - Xn-1), P = (P1,- -+, Pm—1), and G(¥, xi) = >, cpx ¥(7)xi(x) denotes the
Gauss sum. In particular, the above sum can be written as a sum of n Frobenius eigenvalues by

induction. Let ' be the function (4.0.0.2) defined by rational numbers aq, ..., an—1,81, .-, Bm—1-
Then, we have
Ok)=0"(k)+1,V1<k<n-1

and

O(n) =D (1—ai)+ Y f; =ord <HG¢”X1 ﬁG(¢’p-;1)>’

Bi<1 j=1
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where the second identity follows from Stickelberger’s theorem, saying that

k
—k _
ord, G(¢,w™") = T

Then, the theorem in the resonant case follows from the induction hypothesis and decomposition
(4.2.1.1).

4.2.2. Non-resonant case. By the previous argument, we may assume that the assertion for
the hypergeometric sum of type (n,m) defined by a resonant pair («, 8) is already proved. It

suffices to treat the non-resonant case. We may assume x; = 1 is trivial.

We set fo(Ta,. s Tn, Yty oy Ym) = fa(;vgfl,...,xfl_l,yffl,...wﬁ;l). We first prove the

ordinariness of exponential sums associated to f, (Definition 4.1.5) using a theorem of Wan [39).
Let 01, , 0man be all the facets of A = A(fa) which do not contain the origin. Let fg be
the restriction of f, to &; [40, §1.1], which is also non-degenerate [40, §3.1]. By [40, Thm. 3.1], f.
is ordinary if and only if each fg is ordinary.
Each Laurent polynomial f:‘fi is diagonal, that is, fgi has exactly n +m — 1 non-constant
terms of monomials and A(f%) is (n +m — 1)-dimensional [40, §2]. Indeed, if V4, -+ , Vinjn_1
denote the vertex of §; written as column vectors, the set S(d;) of solutions of

T1
V1, Vintn—1) =0 (mod 1), r; rational, 0 <r; <1,
rm+n—1
forms an abelian group, which is isomorphic to (Z/(p — 1)Z)"*™~1. We deduce that for each &;,

f% is ordinary by [40, Cor. 2.6)].
We have a decomposition of exponential sums as follows:

S Walwny) = Hypm (6:0)(a), (4.2.2.1)
i,y €ELX XisPj

where the sum is taken over all multiplicative characters x;,p; with 2 <4 <n,1 <j <m of
orders dividing p — 1. We have a similar decomposition for %q (§ 4.1.2) given by

B1(fa) = || Palfa),
d

where 1 = (0,0,...,0) and d is taken over all (n + m — 1)-tuple of rational numbers with
denominators p — 1 in [0, 1).

On the left-hand side of (4.2.2.1), we have shown “Newton equals to Hodge” (i.e. the
ordinariness of fa) Together with the “Newton above Hodge” for each hypergeometric sum
(Theorem 4.1.4), we deduce that “Newton equals to Hodge” for each component of the right-hand
side. Then, the assertion in the non-resonant case follows from Proposition 4.1.7. O

In particular, our proof shows Proposition 4.1.7 in the resonant case.
Corollary 4.2.3. Proposition 4.1.7 holds without the non-resonant assumption.

Proof. In the resonant case, the Frobenius Newton polygon equals the irregular Hodge polygon by
§4.2.1. By the proof in §4.2.2, the Frobenius Newton polygon equals the (combinatorial) Hodge
polygon defined by Adolphson—Sperber. Then, the assertion follows. O

26



Acknowledgement

The authors thank Alberto Castano Dominguez, Javier Fresan, Lei Fu, Shun Ohkubo, Claude
Sabbah, Christian Sevenheck, Daqing Wan and Jeng-Daw Yu for their valuable discussions.
YQ acknowledges the financial support from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation program (Grant agreement n° 101020009)
for part of this work. DX acknowledges the financial support from the National Natural Science
Foundation of China Grants (Nos. 12222118 and 12288201) and the CAS Project for Young
Scientists in Basic Research, Grant No. YSBR-033. Part of the work was done when YQ was
staying at Morningside Center of Mathematics, and he would like to thank Morningside Center
of Mathematics for its hospitality.

References

[1] A. Adolphson and S. Sperber. Twisted Kloosterman sums and p-adic Bessel functions. II.
Newton polygons and analytic continuation. Amer. J. Math., 109(4):723-764, 1987.

[2] A. Adolphson and S. Sperber. Exponential sums and Newton polyhedra: cohomology and
estimates. Ann. of Math. (2), 130(2):367-406, 1989.

[3] A. Adolphson and S. Sperber. Twisted exponential sums and Newton polyhedra. J. Reine
Angew. Math., 443:151-177, 1993.

[4] A. Adolphson and S. Sperber. On twisted de Rham cohomology. Nagoya Math. J., 146:55-81,
1997.

[5] D. Barco, M. Hien, A. Hohl, and C. Sevenheck. Betti structures of hypergeometric equations.
Int. Math. Res. Not. IMRN, (12):10641-10701, 2023.

[6] A. Beilinson and V. Drinfeld. Quantization of Hitchin’s integrable system and Hecke
eigensheaves. https://math.uchicago.edu/ drinfeld/langlands/QuantizationHitchin.pdf, 1997.

[7] P. Berthelot. Cohomologie rigide et théorie de Dwork: le cas des sommes exponentielles.
Astérisque, (119-120):3, 17-49, 1984.

[8] P. Berthelot and A. Ogus. Notes on crystalline cohomology. Princeton University Press,
Princeton, N.J.; University of Tokyo Press, Tokyo, 1978.

[9] F. Beukers and G. Heckman. Monodromy for the hypergeometric function ,, F,,_1. Invent.
Math., 95(2):325-354, 1989.

[10] A. Castafio Dominguez, T. Reichelt, and C. Sevenheck. Examples of hypergeometric twistor
D-modules. Algebra Number Theory, 13(6):1415-1442, 2019.

[11] A. Castafio Dominguez and C. Sevenheck. Irregular Hodge filtration of some confluent
hypergeometric systems. J. Inst. Math. Jussieu, 20(2):627-668, 2021.

[12] P. Deligne. Théorie de Hodge irréguliere. In Singularités Irréguliéres, Correspondence et
Documents, volume 5 of Documents Mathématiques, pages 109-114 & 1115-128. Société
Mathématique de France, Paris, 2007.

[13] V. Drinfeld and K. S. Kedlaya. Slopes of indecomposable F-isocrystals. Pure Appl. Math.
Q., 13(1):131-192, 2017.

27



[14] B. Dwork. Bessel functions as p-adic functions of the argument. Duke Math. J., 41:711-738,
1974.

[15] H. Esnault, C. Sabbah, and J.-D. Yu. Fj-degeneration of the irregular Hodge filtration. J.
Reine Angew. Math., 729:171-227, 2017. With an appendix by Morihiko Saito.

[16] R. Fedorov. Variations of Hodge structures for hypergeometric differential operators and
parabolic Higgs bundles. Int. Math. Res. Not. IMRN, (18):5583-5608, 2018.

[17] J. Fresdn and P. Jossen. Exponential motives.

[18] J. Fresén, C. Sabbah, and J.-D. Yu. Hodge theory of Kloosterman connections. Duke Math.
J., 171(8):1649-1747, 2022.

[19] W. Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics Studies.
Princeton University Press, Princeton, NJ, 1993. The William H. Roever Lectures in
Geometry.

[20] R. Hotta, K. Takeuchi, and T. Tanisaki. D-modules, perverse sheaves, and representation
theory, volume 236 of Progress in Mathematics. Birkhduser Boston, Inc., Boston, MA, 2008.
Translated from the 1995 Japanese edition by Takeuchi.

[21] M. Kamgarpour, D. Xu, and L. Yi. Hypergeometric sheaves for classical groups via geometric
Langlands. Trans. Amer. Math. Soc., 376(5):3585-3640, 2023.

[22] M. Kamgarpour and L. Yi. Geometric Langlands for hypergeometric sheaves. Trans. Amer.
Math. Soc., 374(12):8435-8481, 2021.

[23] N. M. Katz. Ezponential sums and differential equations, volume 124 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 1990.

[24] M. Kontsevich and Y. Soibelman. Cohomological Hall algebra, exponential Hodge structures
and motivic Donaldson-Thomas invariants. Commun. Number Theory Phys., 5(2):231-352,
2011.

[25] N. Martin. Middle multiplicative convolution and hypergeometric equations. J. Singul.,
23:194-204, 2021.

[26] B. Mazur. Frobenius and the Hodge filtration. Bull. Amer. Math. Soc., 78:653-667, 1972.

[27] K. Miyatani. p-adic generalized hypergeometric equations from the viewpoint of arithmetic
D-modules. Amer. J. Math., 142(4):1017-1050, 2020.

[28] T. Mochizuki. Rescalability of integrable mixed twistor D-modules. arXiv:2108.03843
[math.AG].

[29] Y. Qin. L-functions of Kloosterman sheaves. arXiv:2305.04882 [math.AG].

[30] Y. Qin. Hodge numbers of motives attached to kloosterman and airy moments. Journal fir
die reine und angewandte Mathematik (Crelles Journal), 2024(808):143-192, 2024.

[31] C. Sabbah. Fourier-Laplace transform of a variation of polarized complex Hodge structure,
II. In New developments in algebraic geometry, integrable systems and mirror symmetry
(RIMS, Kyoto, 2008), volume 59 of Adv. Stud. Pure Math., pages 289-347. Math. Soc. Japan,
Tokyo, 2010.

28


http://javier.fresan.perso.math.cnrs.fr/expmot.pdf
http://javier.fresan.perso.math.cnrs.fr/expmot.pdf

[32] C. Sabbah. Irregular Hodge theory. Mém. Soc. Math. Fr. (N.S.), (156):vi+126, 2018. With
the collaboration of Jeng-Daw Yu.

[33] C. Sabbah and J.-D. Yu. On the irregular Hodge filtration of exponentially twisted mixed
Hodge modules. Forum Math. Sigma, 3:Paper No. €9, 71, 2015.

[34] C. Sabbah apd J.-D. Yu. Irregular Hodge numbers of confluent hypergeometric differential
equations. Epijournal Géom. Algébrique, 3:Art. 7,9, 2019.

[35] C. Sabbah and J.-D. Yu. Hodge properties of Airy moments. Tunis. J. Math., 5(2):215-271,
2023.

[36] M. Saito. Mixed Hodge modules. Publ. Res. Inst. Math. Sci., 26(2):221-333, 1990.

[37] C. T. Simpson. Harmonic bundles on noncompact curves. J. Amer. Math. Soc., 3(3):713-770,
1990.

[38] S. Sperber. p-adic hypergeometric functions and their cohomology. Duke Math. J., 44(3):535—
589, 1977.

[39] D. Wan. Newton polygons of zeta functions and L-functions. Ann. of Math. (2), 137(2):249-
293, 1993.

[40] D. Wan. Variation of p-adic Newton polygons for L-functions of exponential sums. Asian J.
Math., 8(3):427-471, 2004.

[41] D. Xu and X. Zhu. Bessel F-isocrystals for reductive groups. Invent. Math., 227(3):997-1092,
2022.

[42] J.-D. Yu. Irregular Hodge filtration on twisted de Rham cohomology. Manuscripta Math.,
144(1-2):99-133, 2014.

[43] X. Zhu. Frenkel-Gross’ irregular connection and Heinloth-Ng6-Yun’s are the same. Selecta
Math. (N.S.), 23(1):245-274, 2017.

YICHEN QIN

INSTITUT FUR MATHEMATIK, HUMBOLDT UNIVERSITAT ZU BERLIN
RUDOWER CHAUSSEE 25, 12489 BERLIN, GERMANY

E-mail address: yichen.qin@hu-berlin.de

DAxiN XU

MORNINGSIDE CENTER OF MATHEMATICS, ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE
ZHONGGUANCUN EAST ROAD, BEUJING, 100190, CHINA

E-mail address: daxin.xu@amss.ac.cn

29



	Introduction
	Hypergeometric connections
	Irregular Hodge filtration of hypergeometric connections
	Frobenius structures on hypergeometric connections and p-adic estimates

